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Abstract Theoretical expressions are derived that relate the
two-photon excited fluorescence depolarisation experi-
ments to the molecular symmetry and the rotational
motions of fluorescent molecules. Diffusive rotational
motions in liquid solvents are considered, as well as the
influence of fast unresolved motions (e.g. librations). The
results obtained are compared with one-photon excited
fluorescence depolarisation experiments. The derived theo-
retical expressions can be applied for detailed analyses of
the molecular rotation in solvent. Several of the results are
useful for determining and assigning the components of
two-photon absorption tensors.

Keywords Two-photon excited fluorescence - Two-photon
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Abbreviations

D diffusion frame coordinate system

D) (a,B,y) a Wigner rotation matrix element

(Dx, Dy D7) the diagonal elements of the diffusion
tensor D

difference curve constructed from depolar-
isation experiments

D(f)
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L laboratory coordinate system

M molecular coordinate system

OPE one-photon excitation

i electronic transition dipole moment

Orp two-photon polarisation ratio

Op QaB, OaB, Oap denote the Eulerian angles
that transform from the A to the B frame

r(f) time-resolved fluorescence anisotropy

S(®) sum curve constructed from depolarisation
experiments

p(?) fluorescence relaxation

T two-photon absorption transition tensor

TPE two-photon excitation

Introduction

For decades fluorescence depolarisation experiments have
been used to study the rotational motions of molecules
which are dissolved in liquid solvents [1-3], solubilised in
anisotropic media like liquid crystalline phases [4—6], and
used as extrinsic or intrinsic fluorescent probes in bio-
macromolecular systems [7-9]. An overwhelming majority
of the depolarisation studies utilize one-photon excited
fluorescence (OPE). In order to increase the information
content of the experiments, different excitation wavelengths
are frequently used in a combination of steady-state and
time-resolved fluorescence experiments. Information about
the molecular rotation can be obtained from the time-
resolved fluorescence anisotropy {r(f)}, which constitutes
reorientation correlation functions of the second rank. The
analytical equations which relate the molecular transition
dipoles and their reorienting motions to 7(#) can be derived,
provided that an appropriate physical model describing the
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reorienting motions is available. For solute molecules of
comparable size with, or larger than that of the solvent
molecules, one can usually assume that the solute reorients
in a diffusive manner. Under this assumption the rotational
diffusion equation has been solved for rigid anisotropic
molecules [10], and the solutions were later applied to
derive analytical expressions for the fluorescence anisotro-
py [11-13]. About ten years ago a similar theoretical
treatment of two-photon excited (TPE) fluorescence was
derived by Wan and Johnson [14]. Hitherto there are,
however, few publications that deal with TPE fluorescence
depolarisation [15-21] and even fewer studies are available
in which the theory was applied for the analyses of data
[22-24]. A possible explanation might be that, as presented
in the literature, the theoretical expressions appear less
transparent to most of the researchers using fluorescence
spectroscopy, and consequently these results are applied
less straight-forwardly. One aim of the present work is to
present useful and transparent expressions for the orienta-
tion correlation functions.

Interestingly and contrary to OPE fluorescence, two
linearly independent anisotropies exist, which can be
obtained from one-colour TPE fluorescence experiments.
This means that more information can be obtained about
spectroscopic transitions, as well as rotational dynamics. In
addition to the diffusive motions of a substance dissolved in
a liquid solution, rapid reorienting motions could be
inherent to a molecule, frequently referred to as librations
[25]. Usually such motions are beyond the experimental
time-resolution, but nevertheless, these librations can
influence the orientational correlation functions. For OPE
depolarisation experiments this has been theoretically
described [2, 26], while it has never been considered in
the theoretical treatment of TPE depolarisation studies. The
present work accounts for the influence of fast unresolved
reorientations and describes a method for correcting the
rotational correlation functions for anisotropic fluorophores
in liquid solutions.

Frequently OPE fluorescence depolarisation experi-
ments are applied to gain information about dynamic, as
well as static properties in a diverse of systems [27-29].
Knowledge about the polarisations of the involved elec-
tronic transition dipoles is then a pre-requisite for any
molecular interpretation of the depolarisation data. The
corresponding knowledge in the TPE depolarisation experi-
ments concerns the polarisation of the electronic absorption
transition tensor. In practise the absorption tensors of most
fluorescent molecules are not known, which is partly
explained by theoretical and experimental difficulties. A
second aim of this paper is therefore to develop useful
equations for determining the components of absorption
transition tensor.

Theoretical background
Fluorescence anisotropy

The fluorescence anisotropy {r(f)} corresponds to the
orientation correlation functions, which describe the reor-
ienting motions in an ensemble of electronically excited
and mutually non-interacting molecules. The correlation
refers to the orientations of a molecule initially excited
(£2)) and when emitting a photon at a time  later ({2;).
The initially created orientational distribution differs in the
OPE and the TPE fluorescence experiments because of the
different physical origins to the probability of excitation.
These probabilities are denoted by Pg) and Pg), respec-
tively. In the case of OPE the probability to excite a
molecule is directly proportional to the square of the
projection of the electronic transition dipole fi,, on the
electric field vector of light (igx), ie.

Péyl() X (ﬁex : ﬁex) (ﬁZx : 2:;x) (1)
while the corresponding TPE probability is given by
P o (e T+ dex) (A - T - 25,) )

In Eq. 2, T denotes a second rank absorption transition
tensor [24, 30]. For both the OPE and the TPE the
probability of detecting an emitted photon P{!) with the
polarisation Aem 18 given by

Pod o (Rem - /1) (" - 2 (3)

In order to describe the molecular orientation with respect
to the light excitation and emission polarisation, a labora-
tory (Xz, Y7, Z;) and a molecular fixed frame (Xp, Yp, Zp)
is introduced (c¢f. Fig. 1). The polarisation of light is
preferably defined in coordinates of the L-frame, while the
components of the absorption transition dipole or the
transition tensor are described with respect to the D-frame.
For deriving the correlation functions 7 (Q&L, v, t), it is
necessary to perform the orientational transformations
D= up + 2 and 2y =2up+ 2 at the times
t=0 and ¢=¢. Formally the TPE anisotropy can be written:

r(t) o <P§§>(QMD7 “Qg)L))PSn)(QMDv QDL)>i X (4)
In Eq. 4, the brackets (......) stand for an orientational
average with respect to (ZODL and (2pp. The subscripts
attached to the brackets indicate that the polariser settings
used in the experiments must be accounted for (vide infia).
For the elaboration of Eq. 4, it is necessary to average
the trigonometric functions (here schematically given
by C (_QODL)C(_QDL)) which constitute the orientational
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Fig. 1 Schematic of the coordinate systems that relate the micro-
scopic and macroscopic properties in fluorescence depolarisation
experiments. The laboratory, the diffusion and the molecularly fixed
Cartesian coordinate systems are denoted L, D and M, respectively.
The chemical structure of perylene is displayed in which the electronic
emission transition dipole of the S;—S) transition is polarised along
the Xys-axis. Perylene is often approximated as an oblate rotor

correlation functions, schematically in accordance with the
following:

(e = [ re)c@b)cimn)

0
»QDL:QDL

x G (2 |2p1, 1) d 2 d 2o (5)

The orientational distribution density of molecules and the
conditional orientational probability are here denoted by
F(2)) and G(£2); |92pr, 1), respectively. Since the mole-
cules before the excitation are isotropically oriented, the
normalised distribution density f (.Q%L) =1/8x% For a
rigid anisotropic molecule undergoing rotational diffusion
in a liquid, G(£2; |£2p1,¢) is given by the solutions to the
rotational diffusion Eq. 10a—10c;

G(|2oL,1) =Y [(2K+1)/877] > af?@?(”&)
K ikl

x X" DI (2p1) exp (~Ex(K)1)
(6)

In Eq. 6, D,((j{()(Q) denotes an irreducible Wigner rotational
element [31]. The coefficients aif) are expansion coeffi-
cients of the asymmetric rotor eigenfunctions in terms of
the symmetric eigenfunctions, and these are tabulated
elsewhere together with the eigenvalues E(K) [32]. The
coefficients depend on the diagonal elements (Dy, Dy D)

@ Springer

of the rotational diffusion tensor (D), which define the
coordinate system D, or the principal axes of the rotational
diffusion tensor. The orientation transformations of the
absorption T -components (i.e. .(ZODL) and emission ji-
components (i.e. {2p.) correspond to the Wigner rotation
matrix of the forth and the second rank, respectively.
However, the orthogonality of the Wigner rotation matrix
and the solutions to G(£2);|2p,¢) imply that only
correlation functions of the second rank will contribute to
the anisotropy decay. It is straight-forward to show that the
same result also holds for the OPE anisotropy, as well as for
any multi-photon excited anisotropy which is detected via
one-photon fluorescence. Notice, however, that different
combinations of correlation functions will contribute to the
OPE, TPE and multi-PE anisotropy.

Fluorescence depolarisation

The time-resolved fluorescence anisotropy is not an
experimental observable, but it is constructed from fluores-
cence depolarisation experiments. For this, the time-
resolved fluorescence decays are monitored for a parallel
(II) and a perpendicular (1) polariser setting with respect to
the excitation polariser. The corresponding decay curves,
denoted F(¢) and F,(¢), are used to construct a sum {S(¢)}
and a difference {D(¢)} decay curve, according to the linear
combinations: S(£)=F(£)+2F . (f) and D()=F(t)—F.(¢).
The S(f)-decay depends solely on the fluorescence relaxa-
tion and it is directly proportional to the total fluorescence
intensity detected over the whole angular space, i.e. the
isotropic emission. The fluorescence anisotropy is defined
by the well-known ratio 7(#)=D(¢)/S(¢) [33]. In the TPE
fluorescence depolarisation experiments one needs to
distinguish between the anisotropies, () and r°(f), which
are obtained when using a linear (1) and circular (c)
polarisation of the excitation light pulse. One should notice
that for a linearly polarised excitation, the F(¢) and F,(¢)
decays are monitored with the emission polariser settings
parallel and perpendicular with respect to the excitation
polarisation, while for a circularly polarised excitation
these settings refer to the propagation direction of the
excitation light. Details about S”(¢) and D”(¢) (for j=1 or c)
are outlined in the Appendix A.

Another important distinction between the OPE and TPE
fluorescence is the so-called two-photon polarisation ratio
(£21p). This is defined by the ratio between the isotropic
fluorescence monitored for circular and linear excitation
polarisation (vide infra). The value of (f2tp) provides
information about the components of the absorption
transition tensor. In OPE fluorescence spectroscopy; the
corresponding ratio is always unity.
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Results

The equations of S/(f) and D”(f) which link the excited
molecules and the macroscopic properties of TPE fluores-
cence depolarisation experiments provide useful informa-
tion for the study of molecular reorientation, as well as for
examining the spectroscopic properties of TPE. The
calculations are quite extensive but can be significantly
simplified by using the irreducible tensor formalism. Since
the results obtained from this formalism might appear
messy, or difficult to penetrate for most users of fluores-
cence spectroscopy, they are rewritten in the basis of
Cartesian components. To help the reader to quickly grasp
the essential steps in deriving the useful results, most details
are given in the Appendices.

Linearly polarised TPE

A TPE fluorescence depolarisation experiment using line-
arly polarised excitation (4, ) is presented with reference to
Fig. 1. The Z; -polarised excitation pulse impinges along
the laboratory Xj-axis and the emitted light is monitored
along the Y;-axis. The transmission axis of the polariser
(iem) is set parallel to the Z; - and X -axis for measurement

<T5M5)D(2>* (2),) D) (QDL)>

nm

of the fluorescence decays F|(f) and F(?), respectively.
From these fluorescence decays the sum {S'(7)} and the
difference {D'(r)} data are constructed. In terms of
Cartesian coordinates the sum and difference decays (cf.
Appendix A) are given by:

$10) = ({T O (M) + 2ME (0} )p()) — (Ta)

D/(1) = ({T5(0)} {M,(1) = My (1)} )o(0) (7b)

In. Eqs. 7a, and 7b M stands for a second rank emission
transition dipole tensor, which is generated from the direct
product of the electronic transition dipole, according to
M = [i ® ji. The shape of the fluorescence relaxation decay
is p(f). Notice that the time-dependence of the sum curve
(Eq. 7a) is directly proportional to p(f), while the difference
curve (Eq. 7b) also depends on the correlation between
molecular orientation at /=0 and 7=t. To keep track of the
relevant correlation functions, it is most convenient to
transform the nine Cartesian components of each tensor M/
and T, into five irreducible tensor components (cf Eq. 23).
Equations 7a and 7b then generates a number of correlation
functions of the following mathematical form;

=[] oM () DR (25,) (20120100 (21 2y 52 ®)

Q%UQDL

These correlation functions can be further evaluated by
making use of the symmetry properties of the Wigner
matrix elements [31] and Eq. 6. It turns out that for
an asymmetric fluorescent molecule the time-dependent
anisotropy is given by

1 (B +\ 1 o (B —d
! _ Ezt _ E()[
r(t)_7e <61 >—|—7e < 5

12 -~ 12 _ 12 _
+7}/l,2€ E*2t+7ylle E‘t+77[,1e Eat 9)

The pre-exponential coefficients a], ﬁl, 7111’ and 61, which are
explicitly given in the Appendix B, correspond to different
combinations of the tensor components of A and 7. For

So<—S) transitions polarised along the Xp-axis (Fig. 1), the

g =3-9(TB)’ = T8, T8, — TB.TH, + 275,15, — 8(T5,)"— 8(
gy =3~ 9(TZ)*+ 2TRTH, — TATY — THTY — 2(T5
g, =3— 9(Th)" = TRTR, + 2TH 1Y, — 1515, — 8(1%

’-s(
’-2

number of exponential functions in Eq. 9 is reduced by three
and one obtains that:

1 . (B +d 1 .. (B —d
! _ E E
r (1) =5e Zt( F ) +7e °t<—6l (10a)
B = —3+9(T5) + T2 T8, + T2, T2,
— 275,12, +8(72,)” + 8(T2)* +2(T%)*  (10b)
Dy, Dy, Dy
o= [2g+Dre e (10¢)

In Eq. 10a, §' is given by Eq. 39, and the coefficients ijl- in
Eq. 10c are as follows:

2

)? (11)
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In Eq. 11 A is related to the anisotropy of the rota-
tional diffusion tensor elements according to: A=
\/D% + D% + D% — DxDy — DyDz — DyDz. The rota-
tional correlation times are ¢, ' = E, =6Dg +2A and
d)gl = Ey = 6Dg — 2A, whereas Dg = %{DX + Dy + Dz}.
The pre-exponential factors in Eqs. 10a—10c agree with
previously published results [22]. However, the
corresponding expressions in that paper are not presented
in the simplest form. For instance, the parameters a, b and
N, appearing in the equations can be simplified by using
the relation a°+b°=N". Furthermore, the out-of-plane

components of the absorption transition tensor are not
considered in the cited paper.

In the present work an arbitrary normalisation of the
tensor components is used according to: {Tyx} >+ {Tyy}*+
(T 2+ 2 { Ty} > +2{ Tz} >+ {Ty,}*=1. This is justified
because D(¢) and S(¢) only depend on terms of products of
pairs of absorption tensor components.

For oblate molecules and oblate-like molecules, e.g.
perylene, the diffusion tensor components obey the relation
Dy >Dy=Dy. This implies that &' = £, and furthermore for
the anisotropy:

Ay =S L (3(15)*=3(Th ) +T8: 18, — Th T +2(18) -2(TD)")

7 S

1 .1
oot (3= 3 (1D 2T T - TR TS, — THTS-2(15)-8(10) 8(15,)°) (12)

7 S

For a prolate molecule or a molecule that can be
approximated to rotate like a prolate, e.g. 1,6-diphenyl-1,3,
5-hexatriene (DPH), Dy>D,=Dy implying that o' =
éﬁ( = —p'. From this it follows that

P(t) = % (%) ool (13)

It is worth noticing that the analytical form of the
anisotropy decay predicted for the oblate and prolate
molecules is the same as that previously derived for the
OPE fluorescence anisotropy [27].

Circularly polarised TPE

A TPE fluorescence depolarisation experiment, which makes
use of a circularly polarised excitation beam, is described
with reference to Fig. 1. The excitation pulse impinges along
the laboratory Z;-axis and the emitted light is monitored
along the Y7 -axis. For monitoring the fluorescence intensi-
ties /(¢) and F,(?), the transmission axis of the polariser is
set parallel to the Z; - and X7 -axis, respectively. From these
fluorescence data, the sum {S°(#)} and the difference {D°(¢)}
decays are constructed (cf. Eqs. 27a-27b). A derivation
is performed for the circularly polarised depolarisation

c 2
& =1+ 3(T%) — 2T TH, — 2T T, + ATHTL, + 5(T%)

experiment, in analogy to the preceding case, which leads
to the following expression for the fluorescence anisotropy:

. 1 _ ch+ac 1 B ﬂcfac
r(t):ﬁe Ez’( 5 )—i-ﬁeE"t( 5 )

6 6 6
+7}/32e_E*2t +77§e_E" +77/C,1e_E*" (14)

The pre-exponential coefficients a®, 8% y¢, and ¢°, which
are explicitly given in Appendix B, are combinations of the
tensor components of M and 7. Now we reconsider
molecules for which the S, < S transition is directed along
the Xp-axis (Fig. 1) and find that the number of exponential
functions in Eq. 14 is reduced according to:

. 1 5 ﬁc_,’_ac 1 5 ﬁc’_ac
r (t) :He Et( 5 )"‘ﬁe Et<T) (1521)

where

e Px. Dy, Dz,
o = |:A§X+A§Y+A52:| (15b)
B¢ =1—3(T%) + 272, T8, + 27D, 1L, — 475,15,

2 2 2
=5(Tgy) = 5(T%,) "+ 4(17)) (15¢)

and &° is given by Eq. 43. The coefficients 5; in Eq. 15b are

2

& = —1+ 3(12)° = 272,15, — 275,15, + 415,75, + 5(T2)*+ 5(12)°— 4(12)’

& = —1+ 3(T3) = 272,15, — 275,12, + 4T, 15, + 5(T2)

2

@ Springer



J Fluoresc (2007) 17:466—480 471
In the special cases of oblate molecules the expression of
r“(f), which is analogous to Eq. 12, is given by
¢ 3 el D \2 D \2 D 7D D 7D D \2 D \2
(1) = ¢ 5 (_(TXX) +(Tyy) "+ 6Ty Tz, — 6Ty Ty — 3(Txy) " +3(Ty) )"‘
1 1
15 5 (F1 4 3(TR) AT T, — 21 TS, — 2TH TS, — 4(TH) +5(18) +5(75)°) (17)

For a prolate molecule, or a molecule that can be approx-
imated to rotate like a prolate, e.g. 1,6-diphenyl-1,3,
S-hexatriene (DPH), Dxy>D,=Dy which implies that
o =&, = —p'. From this it follows that

(1) = ; (’g—i) e bt

which is analogous to Eq. 13.

(18)

Two-photon polarisation ratio, {21p

The two-photon polarisation ratio is an important property

of TPE fluorescence spectroscopy. It is defined by the ratio

between the photophysics relaxation measured for circular-

ly and linearly polarised excitation fields:
§°(2)

O =71

NG (19)

It turns out that the two-photon polarisation ratio of an
anisotropic fluorophore depends on the absorption transi-
tion tensor components as follows:

R{(TB) (TR +(T2)*} - 2{TB TS + TRTE, + TRTE} + 6{(T5)+(TR) +(75)’}]

Qrp=

(20)

{10+ (TR + (TR} +2{TRTH + TS, + TRTS} +4{ (TR +(TE) (T }]

Equation 20 shows that {21p depends on the relative values
of the T-components and it is independent of the photo-
physics decay (c¢f. p(f) in Eqs. 26a and 27a). Hence {21p
serves as an independent parameter that can be experimentally
determined and which provides information about the
combination of the tensor components. The excitation ratio
is also a useful property for determining the excited state
symmetry [34] in two-photon studies. In order to assure that
the data used for calculating (2p are independent of the
molecular reorientation, the emission should always be
monitored under the magic angle conditions [24]. In practise,
this means adjusting the transmission axis of the emission
polariser to 54.7° with respect to the excitation polarisation
and the propagation direction for the 1- and c-excitation,
respectively. When reading the literature on the TPE studies,
certain precautions must therefore be taken, since these
polarisation combinations have not always been considered.

Properties of the TP-absorption tensor 7'

In this work we have considered one-colour two-photon
absorption where the intermediate state is far from resonance.

Under these restrictions the TP-absorption tensor 7 is a
symmetric real Cartesian tensor [30]. McClain has predicted
general tensor patterns for TP-absorption tensors for mole-
cules of different symmetry as a function of the excited state
symmetry [30]. In the context of present work these
expressions would be very useful in predicting time-resolved
anisotropy decays. McClain’s choice of basis leads to that
some point groups possess tensor patterns which include
complex terms even for one-colour transitions. The formulae
derived here do actually incorporate this case if one
substitutes Cartesian tensor elements like 277} by
Ti?(TB)* +(TP)*Tg, where i, j, k, I=X, Y, Z. This
correction also accounts for the near-resonant condition in
the single colour TPE process, in which the absorption tensor
can be complex and symmetric. In a recent paper such
processes were hypothesized about by Mendonga et al. in
their studies of perylene derivatives [35].

Influence of rapid depolarisations

In fluorescence depolarisation studies it is important to
distinguish between the limiting (also known as the

@ Springer
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fundamental) [25] anisotropy and the initial anisotropy. The
former refers to the value of the anisotropy which is
determined in absence of rotational diffusion, i.e. at low
temperature and/or high viscosity. The initial anisotropy
refers to the value obtained from time-resolved experiments
when extrapolating the anisotropy to zero-time. Provided
the time-resolution is sufficiently high, the limiting and
initial anisotropies are expected to be equal. For pure
electronic transitions in OPE fluorescence studies of e.g.
So>S, the electronic transition dipoles are expected to be
parallel, which implies a limiting anisotropy of 2/5. Quite
often the experimental values are significantly lower for
reasons which are not fully understood. More than 50 years
ago Jablonski [25] suggested that rapid motions of the
chromophore in its solvent cage, so-called librations, would
cause the observed depolarisation. The origin to librations
is that a molecule in a potential well undergoes small
periodic motions, on a time-scale which is much shorter
than that of its rotational diffusion. It has also been
suggested that the fluctuations in the structure of the
fluorophore (G. Weber, personal communication 1984)
may lead to uncertainties in the direction of the transition
dipoles, and consequently cause a depolarisation. Actually
there exist experimental data in favour of the latter
explanation [36]. Even if detailed knowledge of the origin
to the deviations is lacking, the proposed mechanisms are
effectively influencing the depolarisation in the same way.
For OPE fluorescence the effect of such rapid depolarising
motions on the fluorescence anisotropy has been studied [2,
26]. However, the rapid depolarising motions influence the
TPE studies of #(0) and 7(0) to a different extent. Since
the values of /(0) and /(0) are used to determine the
components of the transition dipole tensor, it is important to
consider the unresolved depolarisations. An orientational
uncertainty is therefore introduced for the absorption (7")
and emission (M") tensor components with respect to the
molecularly fixed coordinate system D. This is described by
the following orientational transformations and the averag-
ing of the 7™ and M™ components:

* %
010 = 3" (DR ()R () )TETY 1)
b4
and
*
M = Z<D£§3 (QMD)>M£14 (22)

m

For the in-plane transitions in a disc-like molecule, such as
perylene, it is reasonable to assume that the influence of
rapid unresolved rotations are preferentially caused by
motions about an axis directed perpendicular to the
molecular plane. Further details for calculating the influ-
ence of rapid unresolved reorientation are presented in
Appendix C.

@ Springer

Linear two-photon excitation of an oblate ellipsoid. The
influence of fast reorientations on the pre-exponential
factors for a bi-exponential anisotropy decay; 7/(¢) =
v e~ 4Dz 42Dy )t +7) e~ P are illustrated in Fig. 2. This
equation is relevant for the linear two-photon excitation of
an oblate ellipsoid with an X"-polarised emission transition
dipole. The rapid in-plane depolarisations are treated as a
distribution of «,,p, which is assumed to obey the Heavi-
side’s step function between —ay,,p and +ayp. The pre-
exponent ) is decreased by the factor f(ayp) = S('g;zdz;’f,
while the pre-exponent r(()l) is not influenced. This result is
analogous to what has been obtained for the influence of in-
plane molecular rotations on the OPE anisotropy [37]. The
initial values of the pre-exponents depend on the absorption
tensor and are given by Eq. 12. For a purely Tyy-polarised
transition, ry) =3/7 and r(()[) = 1/7 in the absence of rapid
depolarisations. On the other hand for a purely Tyy-polarised
transition, one finds that rg) = —3/7 and r(()l) =1/7. It
might be that the absorption tensor only consists of the off-
diagonal elements Tyy. Interestingly one then obtains that
rgl) =0 and rél) = 1/7, which means that the anisotropy is
invariant to any rapid depolarisation with respect to op.
Considering the influence of out-of-plane depolarisations
described by [mp-rotations, it turns out that both pre-
exponential factors are influenced, which is illustrated in
Fig. 2. The equation describing the influence of [mp-
depolarisations is quite extensive. In the general case, it can
be written in terms of a polynomial of the fifth order in
cosfmp. For an oblate molecule the expression simplifies

0.5
o 0 &
.920
0.3 °
BNER mE > > > > P A AAAAAZLA
0.1 BES] PR Al
\@0 ~ 1YYVYIP WY
= 0.1 ]
-0.3 g <<<l
A<<sa<<]
-0.5 ‘ : ‘ : ‘ s
0 10 20 300 10 20 300 10 20 30

ame (%), or Bpex (%)
Fig. 2 Two-photon excited fluorescence anisotropy using linearly
polarised light {rl (0) =7rh + rf)}. The influence of librations and/or
unresolved reorientations about the Z°-axis, i.e. ayp-depolarisation
(filled markers) and about the Y”-axis i.e. Syp-depolarisation (empty
markers) as predicted for some different single element absorption tensors:
left (circle) ré — Txx, (square) r(l) — Txyx; centre: (left-pointed triangle)
ré — Tyy, (r{ght—poinged triangle) r{) — Tyy; right: (inverted triangle)
1y — Txy, (triangle) r;, — Txy
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into a manageable form which is given in Appendix C. It is
concluded that the influence of the (,,p-depolarisation on
rgl) is less, as compared to that of the «a,p-depolarisation.

Circular two-photon excitation of an oblate ellipsoid. A
corresponding study for the circularly polarised anisotropy
is summarised in Fig. 3. Here one finds that the in-plane
depolarisations lower the rz) by the factor f given above,
while r(<)> is not influenced. This result is similar to what
was found for the linearly polarised TPE anisotropy, ~(7).
For the absorption tensors which are purely 7Tyy- and Tyy
polarised, one obtains that 7\ = —3/14 and r} = —1/14, as
well as r§> =3/14 and ré = —1/14, respectively. For a
oft-diagonal purely Tyy-polarised tensor, the values of the
pre-exponentials are given by rgc) =0 and r(()c) =—1/14.
They are furthermore independent of the ap-depolarisa-
tions. As is illustrated in Fig. 3, the out-of plane
depolarisations have an influence on both of the pre-
exponentials, although somewhat different to what is
predicted for the linearly polarised TPE anisotropy

(cf. Fig. 2).

Influence of rapid depolarisations on r'(t) and r@). 1t is
concluded that the pre-exponential factors of () and r<(f)
are more influenced by the (,,p-depolarisation than the
ayp-depolarisation for an oblate ellipsoid. Only for the out-
of-plane depolarisations, the magnitude of the pre-exponent
that corresponds to the slow exponent decreases, i.e. r for
which j=1 or ¢. The resulting bi-exponential /() and ()

0.3
0.2 1 14€dgq94] J
<
1
0.1 ] ] ]
-
Q\Q- 0 < 1 vvvvvgii
- g o
01--iii- SUNY I A4
-0. ] A D]
AA&%AAAL
[ ]
[ ]
0.2, g080° 1 1

0 10 20 30 0 10 20 30 0 10 20 30

max( ), orﬂmEX( )

Fig. 3 Two-photon excited fluorescence anisotropy using circularly
polarised light {r°(0) = r§ + r¢ }. The influence of librations and/or
unresolved reorientations about the Z”-axis i.e. ayp-depolarisation
(filled markers) and about the Y”-axis i.e. oyp-depolarisation (empty
markers) as predicted for some different single element absorption
tensors: left (circle) ry — Txy, (square) vy — Txy; centre: (lefi-pointed
triangle) rs5 — Tyy, (right-pointed triangle) r§ — Tyy; right: (inverted
triangle) vy — Txy, (triangle) r§ — Txy

r’(t) orr c(1‘)

1.5 2

Time, units of D'Z1

Fig. 4 Two-photon excited fluorescence anisotropy using linearly
{(n>0} and circularly {r()<0] polarised light, predicted for
different half-angles 2yp = (amax,ﬂA"}gx70) of fast unresolved

reorientations, where; (——)—a% 720° ﬁf)": 3 (----- )
—apy =0° By =20° and (~)—apy = 10°, 10° The

anisotropies obtained in the absence of unresolved depolarlsatlon are also
shown (—O—). The molecule is an oblate with the diffusion tensor
components D,=10Dy=10Dy, and the emission transition dipole
directed along the Xp-axis and a single non-zero element of the absorption
tensor being T4

decays expected for a pure T4 -polarised absorption tensor,
assuming reasonable values on the ojjy and/or By7-
reorientation, are displayed in Fig. 4. In the absence of fast
unresolved reorientations, the initial value of the decays
rl(t) and r°(¢) is 4/7 and —2/7, respectively. A comparison
between solely ay,p- and solely 3,,p-depolarisations shows
that 7/(0) is similar in both cases, while the 7/(f)-decays are
faster for the [Byp-depolarisation. This is explained by a
stronger influence of the pre-exponent ;. As the contribu-
tion from the corresponding exponent decreases all the
decay curves gradually converge to the same zero-valued
residual anisotropy. If the ay,p- and solely (3,,p-depolarisa-
tions are equal in magnitude; the |7/(0)| anisotropy is
somewhat larger and eventually decays somewhat faster as
compared to a solely of7-reorientation. In this case the
explanation can be ascribed to the larger value of ré. The
result found for the corresponding study of the case of a
purely T2 -polarised absorption tensor is summarised in
Fig. 5. Since the pre-exponents r% and r({ have the opposite
sign, the 7/(f)-decays change sign. Initially #/(0)<0 and
r“(0)>0 but as the value of |rj| becomes the dominant
contribution, »/(f) can even change sign provided that the
diffusion constants of the in-plane and out-of-plane diffu-
sion constants are sufficiently different. This behaviour has
previously been qualitatively demonstrated in OPE fluores-
cence depolarisation experiments on Sy—S, excited per-
ylene, in which the excitation and emission dipoles are
orthogonal [3]. In the presence of ultrafast depolarisations,
the initial amplitudes of #/(0)>—2/7 and +“(0)>1/7. This

max
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0.2

r') orr°()

-0.3 : ; :

0 0.5 1 1.5 2
Time, units of D'Z1

Fig. 5 Two-photon excited fluorescence anisotropy using linearly
{(0)<0} and circularly {r(0)>0} polarised light, predicted for
different half-angles 2yp = (af?_, i 0) of fast unresolved reor-
ientations, where; ( Yo =20°, Byp =0% (----- )
—apy =0°, By =20° and () —op = 10°, By = 10°. The
anisotropies obtained in the absence of unresolved depolarisation are
also shown (—O—). The molecule is an oblate with the diffusion
tensor components D,=10Dy=10Dy and the emission transition
dipole directed along the Xp-axis and a single non-zero element of
the absorption tensor being T4

effect is more pronounced for the a,p-reorientation because
the value ’r§| is then reduced. Figure 5 illustrates that fast
depolarisations also can influence the maximum value of
| #/(t) | reached after the zero-crossing at a time ¢~0.6. In
this case the cross-over would still be observed, even if the
aysp-reorientation significantly decreases the magnitude of
[+(0)].

The two-photon polarisation ratio, {2rp. It is important to
notice that the two-photon polarisation ratio is invariant to
the rapid unresolved reorientations, the rotational diffusion,
as well as the photophysics relaxation. This follows from
the definition of {27p being the ratio of the c- and 1-TPE
excitation under the magic angle condition [24], measured
with the time-resolved or the steady-state fluorescence, for
which each of the measurements is invariant to depolarisa-
tions. As previously has been pointed out the value of 21p
serves as an independent parameter that provides informa-
tion about the combination of tensor components. For a
purely off-diagonal absorption tensor {27p=1.5, however,
this value is lower for tensors with diagonal components.

Concluding remarks
In the search for the polarisations of TP absorption tensors,

the theoretical expressions derived here are useful since they
account for the depolarisations originating from diffusive as

@ Springer

well as ultrafast motions. The equations presented are adapted
to time-resolved fluorescence depolarisations experiments.
However by calculating their time-average, they can easily be
converted into the corresponding expressions relevant for
steady-state fluorescence experiments.

Acknowledgement This work was financially supported by the
Swedish Research Council.

Appendix A
Orientational transformations

Vectors and tensors represented by Cartesian components
are likely to appear more transparent than their irreducible
representations, while the latter are much more convenient
to use for orientational transformations. This becomes
especially evident for transformations that involve several
coordinate systems. In this work the irreducible represen-
tation is used through-out in the derivations, but the
important results are always transformed into the Cartesian
representation. This Appendix focuses on elaborating
Eqs. 1-4. The orientational averaging of these equations
concerns the transformations between the D- and L-frame
using Eq. 5, and applying the solutions to the conditional
probability (¢f- Eq. 6). The integrals, exemplified by Eq. 8,
are easy to calculate by exploiting the orthogonality of the
Wigner matrix elements [31].

In this work only one-colour two-photon absorption is
considered where the intermediate state is far from
resonance. Under these restrictions the TP-absorption
tensor 7 is a symmetric real Cartesian tensor [30]. The
relation between the symmetric real Cartesian (Qxy, Oxy;---
077) and irreducible (Qy, Q+1, Q) second rank tensor
components are given by [24, 38]:

_L
Ve
Q011 = ¥(Qzx £iQzy)

000 =5

Qo (3Qzz — TrQ)

Oxx — Qyy £ 2iQyy) (23)

The orientational transformation of the irreducible tensor
components of the rank K from a coordinate system A to
another one B, by using the Eulerian angles (£2,3=c45, 845,
v4p) 1s given by [31]:

¥
08 = ZD;; (245) 01ty (24)
q

The equations used to describe the sum and difference

curves that correspond to TPE by linearly and circularly
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polarised light are derived from Egs. 2 and 3. In the former
case, the excitation polarisation with respect to the
Cartesian laboratory coordinate systems is A, = (0,0, 1),
whereas the parallel and perpendicular settlngs of the
emission polariser are A, = (0,0,1) and A, = (1,0,0),
respectively.

$'(6) = ({75200} {ME,(0) + 2015 (1)} )p(0)

D'(t) = ({TH ()Y (M5 (1) — My ()} )p(0)

In the evaluation of the correlation functions that appear
in Egs. 25a and 25D, it is recommended to transform these
into the basis of irreducible tensors, which leads to:

S(r) = é [{M’}2 + 6<{T5(0)}2>} TrMp(1)

D'(t)=

(25a)

(25b)

(26a)

é (67T (TE M) +3vE({TE (0 M (1) ] o0
(26b)

The corresponding properties obtained when using the
circularly polarised light for excitation, is derived in a
similar manner. Then A, = (1/v2,+i/V2, O) and the
parallel and perpendicular settings of the emission polariser
are Aoy = (0,0,1) and Aom = (1,0,0), respectively. This
leads to:

S(t) = (T5(0)T*,(0)) Tr Mp(t) (27a)

D4() =\ XrHO) T O )l 1)

The orientational averaging of Egs. 26a—27b follows
much the same route and therefore the details are only
presented for Eqs. 26a and 26b, i.e. for the sum and
difference decays obtained using the linearly polarised
excitation. Since the trace of a tensor is invariant to

For brevity in the notation used, the times of the
absorption (¢=0) and emission (#=f) events are not
explicitly indicated. When evaluating the expansion coef-
ficients a' 1) the relation a>+b*=N? was used [32] and the
following normalisation of the tensor components was
introduced: {4} >+ {puy}>+{pzy?=1 and {Tyy}*+{Tyy}*+
(T, 2 +2{ Ty} +2{Txs}>+2{Ty;}*=1. By using these
criteria Eq. 28 can be written as;

1
(TEOMg (1)) =75¢ ™ (Br + ) +35¢ (B —n)
1
<10) (TP +1P) (MP + MP))e "
1
(o) (P =2 ap e E
1 -
(o) = T2 (P et
(29a)
Here,
1
B =5 (17 + T%) (M7 + M%) + TyMg (29b)
and
v —da o p D D D Dy D
A= (17 +T2) (M + ME,) — 277 M|
\/];ab (T2 + T2\ MP + TP (MP + MP,)]  (29¢)

By converting the irreducible tensor components into
Cartesian ones, the right-hand side of Eq. 29a reads,

1
(T ()M (1)) = %e*“(ﬁl +an) + 5 (B - )

10

2 2
+(5)T)’?yu§u? E2’+(g>T§)zu5u5 o

orientational transformations, the averaging only involves n 2 70,0 Do Enrt (30a)
the components of 7, which are of the first and second 5 ) faztxHz €
order. The first order term reads:
| in which
(THO)M (1)) = 53 e Paga ToMP (1) (28) . ) > 1
S o Bi= T ()" + Ty (u7)" + Ty (7)) =3 T (30b)
_Dx (o iy 7D (R +TD, + (T F)ul — 2 v
o1 =3 (,uy) + Zz(ﬂz) o (1y) + Ty + (0T )y 317
Dy 2 . 2
Z( (u2) 415 (uP)? =275, (uP)*+T5, + (1+T) P —gTrT>
Dy 2 N 2 .
+ 0 (T8 )+ T () 272 ()75 + (1T )f = 507 ) (300
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By evaluating in Eq. 26b the term of the second order in
components of 7', one obtains that

(THO)VME) = e
( )

i,mm'.q

o 222 2 2 2 2 m-+m'
E!t(o 0 0)("" —m' m—|—m’)at(rr)t+m l()qTDTD/MD( ymimita (31)

The matrices are 3-j symbols which are tabulated
elsewhere [31]. By working out the sum in Eq. 31 this
equation reads:

({rhoy i) =

e BBy + ar) + e By — )

1
+ <35) 279(15 = T%,)

]

- M?z)e_Efzt

x (MY
<315) [TD(TD+TD)
—V6(TT, + TlDTE)Z):|

X (MP + MP)e 5

() e -1
(T, ~ 1P1%)]
—M2)e

x (MP (32a)

in which,

1 3
o= =g {2t e 1210 - Sapre a0

x(MP +MD) +2{21977,

oty 1ot o o)
and
o —_ L= [2(10 + 12)17)
27735 N2 S

3
e« ) e

—2{21P712, — (1) +1PT7, }MéJ) yY2ab

N2

({atm g\ s Lup

Hforert, - yapre o o) ) | ez
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When applying these equations it might be more
convenient have Eqgs. 32b and 32c expressed in the
Cartesian components. The results are then given by,

35 30z | T8 {1 =367}

+ (TR {1 -3p)’}
+(r5) {1 -3(2)"}
+ Tt {2 - 6(uh)’}
472 ng{z—é( Dy }
472 T?Z{z 6 () }
UORE
+ (1) {3 +9u)’}
+(rh)*{~

| e e+

By=—

(33a)

0y = —

W|N

(33b)

&= (1) {3) -1} + (Th)* {3(ud)* -1}
+(1%) {sm) —1 bR Th {6(uf) -2}
+ T}QXTZDZ{6 u2) —2} + TR TR {6(up) -2}
~9(up)’+3} + (12)*{-9(up) +3}
3}

2

B
T?ZZ{ ~9(u
&y = (Th) {3(u)’ 1} + (15 {3(f) -1}

+(12)*{3(0) —1}+T£XTD {6(up)*~2}
}—i—TDTZDZ{é ) -2}
—9(up)*+3} + (T2)*{~9(up)*+3}

) 43}

+ T2, 2{6
2
(B

2
+ (1)) (33¢c)
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& = (15) {3()"~1} + (1) {3(uP)*~1}
+ (rh) 3R 1} + 13T {6(uf) -2}
+ 115 {6(up) 2} + Th TR {6(uP)’ 2}
+ (70) {~0(f) 3} + (12) { -9 (up)+3}
+ (R {-o(up)"+3}

To evaluate Eq. 26a, one only needs to work out the
following static average,

(m0))=1 S rer o

1

_ Laror, —arpr, 10T

11 2 2 2

=< = [{(TR) +(1h) +(12)
T Th — T T, - ThTS )
+12{(15)+(r) +(15)"}] G4

Finally, we comment on the case of using the circular
polarised excitation and evaluate the corresponding equa-
tions, i.e. Egs. 27a and 27b. Considering the averages
involved one observes that

(THOTLOME0) = -({TEOYMEW) (5
and
(THO)T4,(0) = ({7 O))) (35b)

Now making use of the Eqs. 30a—30c, and 33a-35b in
the sum and difference curves given by Eqgs. 26a—27b, as
well as the definition of the TPE-anisotropy, one obtains the
final and complete expressions for #(¢) and r(¢), which are
presented in Appendix B.

Appendix B
Coefficients of (1)

The relation between the pre-exponential factors and the
absorption and emission tensor components, in the five-

exponential general expression for the anisotropy in Eq. 9,
is given by:

B = (12){o(up)’-

}()&wwﬁ

+ (1) {02 —3}+TD rh{1-3(u2)"}
+ 1151 = 3(up)’} + TR TS {1 - ( )’}
126 )+ (12) {2 - 6(up)’}
T?z ) {2 - 6(up)’} (36)
o =—§X+&§Y+—§Z (37)

&= (18){3-9(up)’} + (TR {3 - 9(uD)’}
+ (1) 3 - o) i {1+ 3(uP)’}
+ T3 15 { -1+ 3(uf)} + TR T { —1+3(u2)’}
+ (75){6(u?)' -2} + (12) {6 ()’ -2}
J

(38a)

+ (15)*{ ——9<ux>2}-kTD Th{-1+3p)}
+ T ~1+3(u) J+TR T { -1+ 3(u)’}
+ (78 {6 () 2} + (1) {6 (up)* 2
) {6(up)’ -2}

+ (TD)"16 2 (38b)
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o =3{ (T + (T + (15"}

+ 2{ T Ty + ThTo + T Toy}

va{ (TR + (1) + (1)) )
. T2 (3T% + 3T$Y; D)) 4+ 2T%,T%, WLul (40
"= A 3%; L) M pyuy  (40b)
7= T 0T + 315 ¥ ) + 20Ty Py (40c)

-1 — 51
Coefficients of 7(¢)
The relation between the pre-exponential factors in Eq. 14

and the absorption and emission tensor components are
given by:

= ()1~ 3<y£>2} + (Th) {1 -3(P)’}
+ (1)1 =3 b {2 - 6(u2) )
+ Th 12— 6(u? 2}+T%T52{2—6<y5>2}
1) {3 +9(D)’} + (1) { -3 +9(up)’}
+ (rp)*{ -3 +9(up)’} (41)

e _Dx, Dy, Dz
o :Z‘SX +Z§y +Z§; (42)
with the & =¢&; for j=X, ¥, Z given by Eq. 33c.
Furthermore
. 2 2 2
6 = (T)I?X) +(T€Y) +(T£z)
—{ T Th + T T, + Th Ty}
2 2 2
+3{(T8)" + (12)" + ()"} (43)
72, (272, — T2, — TD 3TDTD
22: XY( /4 XX5C ) YZ,U)?/J}? (443.)
. T2(2TR, — Th, —TL) —3TR, T2
- YZ( XX YY5C ZZ) XZ#?/J? (44b)
72 (272, — TP — TD 3TD T2
v, = XZ( YY anc zz) YZ )?#ZD (44c)
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Appendix C
The influence of ultrafast depolarisations

The influence of ultrafast depolarisations is effectively
treated as an uncertainty in the orientation of the transition
vector/tensor components with respect to the D-frame. For
any anisotropic molecule the orientational uncertainty can be
described by the Eulerian angles £23,p=(cwp, Bvp, Yup) and
a model for the orientational distribution density f({2y,p). A
simple model of f({2,,p) would be the Heaviside’s step
function with —oijy < aup < oy, 7 —Byp < Bup <
B and —yiS < vup < ¥ip, which was assumed in this
work. In order to account for the depolarisation, all the
equations that depend on the 7°- and M”-components (cf.
Egs. 21 and 22) must be averaged with respect to f({2y/p).
The sum-curves $/(f) (j=I or ¢) are invariant to the
orientation of the coordinate system, which is to be expected
since they are proportional to the orientation averaged
emission. Correspondingly, it is possible to compute that
Eq. 34 is invariant under the transformation from the M to
the D frame. The difference curves D/(7) (j=I or c) are
composed of two terms that are given by Eqgs. 28 and 31.
One of the terms (cf. Eqs. 28) is first order in 7 components
For arbitrary irreducible tensor components, p , of an
oblate ellipsoid, the superscript p ==+m symmetry implies
that m =+2 or m = 0. The other term is of second order in 7',
generallyg": T, T qD, with g+¢'= £ m. In the transformation from

D to M, the ayp-dependence of the Wigner rotation matrix
elements is simply always e*™@ the average of which is

sin mavp
monp

ing the second rank emission tensor components, MD The
net result is that the pre-exponentials 7 with j=1 or c in the
anisotropy decay #/(f) should be reduced by the factor

sin maMD

. A second

-factor originates from averag-

(sin mamp

2
e ) in the presence of «,,,-depolarisations. To work

out the [,,p-dependence of the anisotropy is more cumber-
some. Considering an oblate molecule with its emission
transition dipole polarised along the X M_axis, for which M—
D orientational transformations (Eqs. 21 and 22) are carried
out, the Eq. 29a—29c¢ can then be written:

(THOME(0) = s {2~ ) (T +7%) + Varry'}

{1 - x/4}+%e_E°t{9x(Téw +7M)
+3v6(1-3x/2) Té”}

x{x/2 -1} (45)

In Eq. 45, x denotes the average of sin’fyp over the
relevant distribution of the angle 3;,p. The corresponding
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influence of Gyp-depolarisation on from Eq. 32a-32c leads
to that;

({TO) F M)

= _%e*Ez’{(z -0 (1 + 1Y)
+Vox {21 T, — T T M {1 — x/4}
—%e*Eof{%T%(T;” +17%) +3V6(1 — 3x/2).
<fri i - T k2 - 1) (d6)

The difference curve D'(r) for the linearly excited

experiment Eq. 26b combines the terms of first (Eq. 45)
and second order (Eq. 46) in T, whereas the difference
curve D(f) (c¢f. Eq. 27b) only depends on the term of
second order, i.e. Eq. 46. These considerations mean that
the linearly and circularly polarised anisotropy exhibit the
same ayp-dependence, but have a somewhat different
dependence with respect to the Byp-depolarisation. This is
outlined in the Figs. 2, 3, 4, and 5. For an arbitrary mol-
ecular symmetry the resulting expressions for D(¢) (j=1 or
¢) are too extensive to be explicitly given here.
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